Determination of Lengths and Heights on the Moon   
This document describes a method to determine the lengths and heights of lunar features using a digital image. The expected uncertainty of measurement is within 10 %.
Step 1 -  Calibration of imaging equipment
My imaging equipment consists of a 254-mm (10-inch) f/6 Newtonian reflector + 2.5X Barlow lens + ToUcam with CCD chip = 3.60 x 2.70 mm, 640 x 480 pixels. In theory, it gives a resolution of 0.305 arcsec per pixel, i.e., one pixel on the image exposure represents an angular size of 0.305 arcsec, see Figure 1.
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In actual field test with Jupiter and Saturn whose angular diameters are known from ephemerides, the true resolution was found to be 0.32 arcsec per pixel. This 0.32 arcsec per pixel shall be the calibrated resolution I quoted thereafter.
Step 2 -  Correction for length of shadow

On the Moon, sunlight shines almost in parallel with the equator, and so is the stretch of a shadow cast by a lunar feature. Quite often, the shadow is tilted from our line of sight and appears shorter than its true length. Correction along the path of measurement must be applied: 

Corrected length of shadow = measured length / cos (() 

where ( is the angular displacement in EW direction from the Moon’s central meridian to the nearest end of the shadow. See the example in Figure 2.  
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If the measured length of shadow is 37 pixels in EW direction, the corrected length will be 
37 / cos [27.40 – (-3.40) ] = 43 pixels. This is equivalent to 43 x 0.32 = 13.8 arcsec. 

Now suppose the distance of the shadow from the observer is 375000 km (which can be estimated from lunar ephemerides and is always less than the Earth-Moon center-to-center distance). The physical length of the shadow will be 375000 km‧sin (13.8 arcsec) = 25 km.     

Step 3 -  Calculation of the Sun’s altitude 

Imagine you are on the Moon as Figure 3. The Sun’s altitude a at the peak height which casts  shadow s is given by the following formula in spherical trigonometry:
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where b  = latitude at peak of the feature (range ( 900)  

l  = longitude at peak of the feature (range ( 1800)
bo = latitude of the Sun (variable between ( 1.60)  
co = colongitude of the Sun (variable 00 to 3600)
The bo is also called the Sun’s declination or the subsolar point latitude depending on the ephemerides used. A subsolar point is simply the ground point where the Sun is at the zenith.
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The co is the colongitude of the Sun, Figure 4. It specifies the line of sunrise and is equal to the position of the morning terminator measured from the 00 longitude in the same direction of the terminator’s rotation. Thus the colongitude is approximately 00 at the first quarter, 900 at the full moon, 1800 at the last quarter and 2700 (= 900 E) at the new moon. The colongitude and longitude of the Sun are always separated by an angle of 900.  

Note that when b = 900 (feature at the pole of the Moon), the Sun’s altitude becomes bo which varies between ( 1.60. Thus the Sun never rises high or sinks low in the polar regions. When b = 00 (feature at the lunar equator), the Sun’s altitude becomes  l + co.
The l and b of a lunar feature can be checked from 
the Rükl’s Atlas of the Moon, 
the Virtual Moon Atlas
   http://www.astrosurf.com/avl/UK_download.html, 
or USGS/IAU webpage http://planetarynames.wr.usgs.gov/.
The bo and co of the Sun at specific date/time can be checked from lunar ephemerides, e.g. 
http://www.grischa-hahn.homepage.t-online.de/astro/winjupos/   

http://www.lunar-occultations.com/rlo/ephemeris.htm
A sample of lunar ephemerides is shown in Figure 5.
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Step 4 -  Calculation of height from shadow length

The height (h) of a lunar feature is self-explained in Figure 3. Assuming the ground surface is flat and smooth, then 
h = s tan (a), where s is the physical length of the shadow and a is the Sun’s altitude.
The depth of a crater refers to the height of the crater rim above the depressed floor. Its value is generally consistent but could be odd when the crater rim is irregular in height.

In reality, the gradient of lunar surface may cause a shadow significantly shorter or longer than its expected length, see the two extreme cases in Figure 6. Therefore a compromise is needed to apply the formula h = s tan (a). As a rule of thumb, the Sun’s altitude (a) during measurement should be under 150 but not smaller than 20. If a is above 150, the shadow visible to Earth no longer mimics the expected shadow cast on lunar ground, or perhaps it is too short to be distinguished in a photograph. If a is below 20, there is a risk that the extremely long shadow intermingles with the shadows of other formations, or runs into the shaded part of the Moon where the ground curvature is no longer negligible. 
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Remark: All lunar images in this paper are aligned with latitude as horizontal as possible; 

east is at the left.   + longitude = E   ( longitude = W   + latitude = N   ( latitude = S
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Worked example 1
Determine the diameter and depth of crater Theophilus
in Figure 7, given that

Image resolution: 0.32 arcsec per pixel

Date/time of exposure:  2006.07.31  12:18 UT  
Diameter of Moon: 3476 km

Angular diameter of Moon: 29’52” (topocentric)

Moon disc center: longitude = -4.240  latitude = 3.050 
Latitude of Sun (bo): 1.200
Colongitude of Sun (co): 343.330
Longitude of crater (l): 26.40 nominal

28.30 at p  24.80 at q
27.30 at arrow head
Latitude of crater (b): -11.40 nominal

Diameter of Theophilus
Measured diameter = 147 pixels (p q in Figure 7)
Corrected diameter = 147 / cos [24.80 – (-4.240)] = 168 pixels = 53.8 arcsec
Distance of crater from observer

 = Diameter of Moon / sin (angular diameter) – Radius of Moon‧cos (l) cos (b)
 = 3476 / sin (29’52”) – 1738 cos (26.40) cos (-11.40) = 398 000 km  

Physical diameter of Theophilus = 398 000 sin (53.8 arcsec) = 104 km 
(110 km IAU, 100 km Rükl)
Shadow cast by the wall of Theophilus

Measured length of shadow = 32 pixels (the arrow in Figure 7)
Corrected length of shadow = 32 / cos [27.30 – (-4.240)] = 37.5 pixels = 12.0 arcsec

Physical length of shadow (s) = 398 000 sin (12.0 arcsec) = 23.2 km

Sun’s altitude (a) at position p
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= sin(-11.40) sin(1.200) + cos(-11.40) cos(1.200) sin(28.30 + 343.330)
= (-0.1977) (0.02094) + (0.9803) (0.9998) (0.2016)

= (-0.00414) + (0.1976) = 0.1934
a = 11.10 
Depth of Theophilus (h)
                     h = s tan (a) = 23.2 tan (11.10) = 4.6 km  (4.4 km Rükl)
Worked example 2
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Determine the height of Mont Blank and the length of

Vallis Alpes in Figure 8, given that

Image resolution: 0.32 arcsec per pixel

Date/time of exposure:  2005.11.09  12:00 UT  

Distance to observer = 364 000 km 
Moon disc center: longitude = -0.270  latitude = 5.710 
Latitude of Sun (bo): -0.870
Colongitude of Sun (co): 5.580
Longitude of Mont Blanc (l): 1.00 nominal

-2.90 at arrow head
Latitude of Mont Blanc (b): 45.00 
Longitude of Vallis Alpes (l): 3.20 nominal

7.20 at U  0.20 at V 
Latitude of Vallis Alpes (b): 48.50 nominal
50.20 at U  47.20 at V 
Length of shadow cast by Mont Blanc
Measured length of shadow in EW direction = 88 pixels

Corrected length of shadow = 88 / cos [-2.90 – (-0.270)] = 88 pixels = 28.2 arcsec

Physical length of shadow (s) = 364 000 sin (28.2 arcsec) = 49.8 km
Sun’s altitude (a) at Mont Blanc
[image: image13.jpg]



= sin(45.00) sin(-0.870) + cos(45.00) cos(-0.870) sin(1.00 + 5.580)

= (0.7071) (-0.01518) + (0.7071) (0.9999) (0.1146) = 0.07029

a = 4.00 
Height of Mont Blanc (h)   h = s tan (a) = 49.8 tan (4.00) = 3.5 km  (3.6 km Rükl)
Length of Vallis Alpes (U V in Figure 8)
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Measured length in EW direction = 233 pixels

Measured length in NS direction = 120 pixels
Corrected length in EW direction = 233 / cos [0.20 – (-0.270)] = 233 pixels

Corrected length in NS direction = 120 / cos (47.20 – 5.710) = 160 pixels

Corrected length of Vallis Alpes = ( (2332 + 1602) * = 283 pixels = 90.6 arcsec
* This correction is applicable only when the longitudinal and latitudinal lines are intersecting approximately at right angles. For exact length calculations, refer to http://www.lpi.usra.edu/lunar/tools/lunardistancecalc/.
Distance of Vallis Alpes from observer = 364 000 km  

Physical length of Vallis Alpes = 364 000 sin (90.6 arcsec) = 160 km
                                                   (166 km IAU, 180 km Rükl)
Worked example 3
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Determine the length and height of the Straight Wall in Figure 9, 

given that

Image resolution: 0.32 arcsec per pixel

Date/time of exposure:  2004.07.25  12:16 UT 
Distance to observer = 368 000 km 
Moon disc center: longitude = -6.250  latitude = 0.710 
Latitude of Sun (bo): 1.520
Colongitude of Sun (co): 10.780
Longitude of shadow (l): -7.30 at u  -7.80 at p   -8.40 at v
Latitude of shadow (b): -23.50 at u  -21.90 at p  -19.90 at v 
Length of the Straight Wall (u v in Figure 9)
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Measured length in EW direction = 68 pixels

Measured length in NS direction = 200 pixels
Corrected length in EW direction = 68 / cos [-7.30 – (-6.250)] = 68 pixels

Corrected length in NS direction = 200 / cos (-19.90 – 0.710) = 214 pixels

Corrected length of u v = ( (682 + 2142) * = 225 pixels = 72.0 arcsec
* This correction is applicable only when the longitudinal and latitudinal lines are intersecting approximately at right angles. For exact length calculations, refer to http://www.lpi.usra.edu/lunar/tools/lunardistancecalc/.
Physical length of u v = 368 000 sin (72.0 arsec) = 128 km  (134 km IAU, 110 km Rükl)
Shadow cast by the Straight Wall 
Measured length of shadow = 16 pixels (the arrow in Figure 9)
Corrected length of shadow = 16 / cos [-7.80 – (-6.250)] = 16 pixels = 5.1 arcsec
Physical length of shadow (s) = 368 000 sin (5.1 arcsec) = 9.1 km

Sun’s altitude (a) at position p
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= sin(-21.90) sin(1.520) + cos(-21.90) cos(1.520) sin(-7.80 + 10.780)

= (-0.3730) (0.02653) + (0.9278) (0.9996) (0.05199) 
= -0.00990 + 0.04822 = 0.03832
a = 2.20 
Height of the Straight Wall (h)
h = s tan (a) = 9.1 tan (2.20) = 0.35 km  (0.3 km Rükl) 
Worked example 4
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Determine the diameter and depth of crater Endymion in  

Figure 10, given that 
Image resolution: 0.32 arcsec per pixel

Date/time of exposure: 2004.08.02  17:24 UT

Distance to observer = 364 000 km

Moon disc center: longitude = 6.040  latitude = 6.210 
Latitude of Sun (bo): 1.550
Colongitude of Sun (co): 110.940
Longitude of Endymion (l): 57.00 nominal  53.80 at p
Latitude of Endymion (b): 53.90 nominal
Diameter of Endymion

Measured diameter = 150 pixels (p q in Figure 10)
Corrected diameter = 150 / cos (53.80 – 6.040) = 223 pixels = 71.4 arcsec

Physical diameter of Endymion = 364 000 sin (71.4 arcsec) = 126 km  

(123 km IAU, 125 km Rükl)
Shadow cast by the wall of Endymion
Measured length of shadow = 20 pixels (the arrow in Figure 10)
Corrected length of shadow = 20 / cos (53.80 – 6.040) = 29.8 pixels = 9.5 arcsec

Physical length of shadow (s) = 364 000 sin (9.5 arcsec) = 16.8 km

Sun’s altitude (a) at position p

= sin(53.90) sin(1.550) + cos(53.90) cos(1.550) sin(53.80 + 110.940)

= (0.8080) (0.02705) + (0.5892) (0.9996) (0.2632) = 0.1769
a = 10.20 
Depth of Endymion (h)   h = s tan (a) = 16.8 tan (10.20) = 3.0 km 
     Remark: The depth of Endymion is unclear. It is quoted to be 2.6 km in Wikipedia; 
4.1 km in Westfall’s Atlas of the Lunar Terminator and 4.6 km in Virtual Moon Atlas.

Worked example 5
Determine the diameter and depth of crater Cardanus in 

Figure 11, given that 
Image resolution: 0.32 arcsec per pixel

Date/time of exposure: 2005.04.23  15:51 UT 
Distance to observer = 376 000 km

Moon disc center: longitude = -5.220  latitude = 0.630 
Latitude of Sun (bo): 0.290
Colongitude of Sun (co): 85.940
Longitude of Cardanus (l): -72.50 nominal  -71.60 at p
Latitude of Cardanus (b): 13.20 nominal   12.4 at v
Diameter of Cardanus

Because Cardanus is near the west limb of the Moon, its diameter is measured in NS direction rather than EW.

Measured diameter = 82 pixels in NS direction

Corrected diameter = 82 / cos (12.40 – 0.630) = 84 pixels = 26.9 arcsec

Physical diameter of Cardanus = 376 000 sin (26.9 arcsec) = 49 km  
(49 km IAU, 50 km Rükl)
Depth of Cardanus

Width of shadow at position p : crater diameter = 5 pixels : 34 pixels in EW direction

Physical width of shadow = 49 km x 5 / 34 = 7 km
Sun’s altitude (a) at position p

sin(a) = sin(13.20) sin(0.290) + cos(13.20) cos(0.290) sin(-71.60 + 85.940)  
a = 14.00
Depth of Cardanus = 7 tan (14.00) = 1.7 km --- Result 1 
  
Now, repeat the calculation using another image of Cardanus, 
Figure 12:
Width of shadow at p : crater diameter = 28 pixels : 80 pixels in EW direction
Physical width of shadow = 49 km x 28 / 80 = 17 km
Sun’s altitude (a) at position p

sin(a) = sin(13.20) sin(1.000) + cos(13.20) cos(1.000) sin(-71.60 + 79.670)  
a = 8.00
Depth of Cardanus = 17 tan (8.00) = 2.4 km --- Result 2
Result 1 is significantly deviated from Result 2, probably the shadow in Figure 12 is not long enough (only 5 pixels !) and hence it casts on the slope of the crater’s inner wall instead of the floor. So far the depth of Cardanus is unclear. It is quoted to be 1.3 km in Wikipedia; 2.0 km in Cherrington 1969; 2.3 km in Virtual Moon Atlas and 3.4 km in Westfall’s Atlas of the Lunar Terminator.
Tests for accuracy

The length correction factor (1 / cos ( ) in Step 2 works good except for measurements at the limb region. This is reflected in the following table in which the sampled craters are located near or on the limb. It can be seen that as the longitude or latitude of the crater increases from the disc center, calculation error approaching 10 % is anticipated. Worst errors likely happen when both the longitude and latitude exceed 600. Therefore, it is recommended to confine current method of measurement within the region where the sum of longitude + latitude is less than 1200 (ignore their sign conventions), i.e. the corrector factor is applicable to all craters in the table except #14.
	Circular crater
	Longitude
**
	Latitude
(nominal)
	Diameter
(nominal)
	Calculated diameter 

(white line pixels)
	Error  

	1. Rosenberger
	40.80
	-55.40
	95 km
	94 km (118 pixels)
	( 1 %

	2. Zucchius
	-48.5
	-61.4
	64 km
	66 km (74 pixels)
	+ 3 %

	3. Inghirami
	-66.5
	-47.5
	91 km
	91 km (49 pixels)
	+ 0 %

	4. Lavoisier
	-79.8
	38.2
	70 km
	71 km (31 pixels)
	+ 1 %

	5. Carpenter
	-48.3
	69.4
	59 km
	59 km (63 pixels)
	+ 0 %

	6. Babbage A
	-54.6
	59.0
	32 km
	35 km (32 pixels)
	+ 9 %

	7. Berosus
	68.3
	33.5
	74 km
	77 km (61 pixels)
	+ 4 %

	8. Democritus
	33.7
	62.3
	39 km
	38 km (54 pixels)
	( 3 %

	9. Euctemon
	25.4
	76.4
	62 km
	67 km (108 pixels)
	+ 8 %

	10. Furnerius
	57.9
	-36.0
	135 km
	130 km (140 pixels)
	( 4 %

	11. Boguslawsky
	38.5
	-72.9
	 97 km
	103 km (126 pixels)
	+ 6 %

	12. Schickard 
	-51.0
	-44.3
	206 km
	192 km (180 pixels)
	( 7 %

	13. Mercurius
	64.8
	46.6
	 67 km
	74 km (67 pixels)
	+10 %

	14. Neumayer
	66.0
	-71.1
	76 km
	92 km (68 pixels)
	+ 21 %

	** longitude of the crater rim nearest to CM, checked from the Virtual Moon Atlas.




Appendix
In the paper Planetary Impacts by Grieve, Cintala and Tagle (Encyclopedia of the Solar System, 2007 edition), the authors give the theoretical depth-diameter relation for impact craters on the terrestrial planets:
Depth = a (diameter)b, depth and diameter expressed in km.
For the Moon at surface gravity of 1.62 m/s2, 

a = 0.196  b = 1.010 (simple crater in bowl-shape, no central uplift)
a = 1.044  b = 0.301 (complex crater with central uplift)
These relations are also shown graphically as below. It is a useful 
reference in comparing measured and theoretical crater depths.

For the Earth at surface gravity of 9.81 m/s2, 

a = 0.13  b = 1.06 (simple crater)
a = 0.30  b = 0.12 (complex crater on sedimentary surface)

a = 0.43  b = 0.15 (complex crater on crystalline surface)

Other references:
Computational Tools: Lunar Impact Cratering and Lunar Distance Calculator

http://www.lpi.usra.edu/lunar/tools/
Crater Shape Relations

http://www.agu.org/pubs/sample_articles/sp/2000JE001343/3.shtml 
Apparent depth/apparent diameter relation for lunar craters
http://adsabs.harvard.edu/abs/1977LPSC....8.3427P
Impact structures: What does crater diameter mean
http://www3.imperial.ac.uk/portal/pls/portallive/docs/1/48678.PDF
--------

Last updated by Alan Chu on 2008 May 9.
Appreciate any reported error if found.  
Contact email: mca@netvigator.com
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AB = expected shadow length (if floor is flat.),  CD = length of shadow visible to Earth. 


In the right figure, AB ( CD if the Sun’s altitude during measurement is within about 20 ~150. 
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Latitude at position p (b): 13.20
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